We show that hydrodynamic collision processes of graphene at the neutrality point can be described in terms of a Fokker-Planck equation with fractional derivative, corresponding to a Lévy flight in momentum space. Thus, electron-electron collisions give rise to frequent small-angle scattering processes that are interrupted by rare large-angle events. The latter give rise to superdiffusive dynamics of collective excitations. We argue that such superdiffusive dynamics is of more general importance to the out-of-equilibrium dynamics of quantum-critical systems.
The kinetics of large gravitational systems such as globular clusters in galaxies or of a classical charged plasma are governed by continuous collisions with smallangle scatterings. The origin for this behavior is the long-range character of the Newton or Coulomb force, respectively. Such small-angle collisions behave in velocity space just like drag and diffusion events where a Fokker-Planck equation offers an efficient description [1] [2] [3] . Collisions can thus be seen as a Gaussian random walk in phase space. The velocity of a plasma or gravitational dust particle undergoes ordinary Brownian motion.
Quantum many-body systems that are near a quantum-critical point are governed by soft modes that will also induce effective long-range interactions [4] . This begs the question of whether such quantum critical systems also allow for an effective Fokker-Planck description of the non-equilibrium kinetics, in particular in the collision-dominated hydrodynamic regime. Candidate systems are itinerant electrons near magnetic or nematic quantum phase transitions [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] , the superconductorinsulator phase transition [15] , or graphene near the Dirac point [16] . Recently, anomalous diffusion was even shown to be present in two-dimensional Fermi liquids [17] .
In this paper we analyze the quantum kinetics of graphene near the Dirac point with electron-electron Coulomb interaction. We show that the kinetic theory at charge neutrality [18] [19] [20] [21] [22] can be expressed in terms of a Fokker-Planck equation, yet with fractional derivative with respect to the momentum direction. The underlying random processes are Lévy flights [23] [24] [25] , non-Gaussian random walks whose step width are distributed according to a powerlaw. The slowly decaying tail of the step-width distribution makes it impossible to define a diffusion constant or to use a conventional Fokker-Planck equation. However, a diffusion equation of the form
with appropriately generalized fractional derivative [26, 27] can be used to describe such random walks. Lévy flights have been discussed to model the migration pattern of animals as they search for resources [28, 29] , the high-frequency index dynamics of the stock market [30] , or to describe durations between consecutive However, those processes are interrupted by rare processes with large momentum transfer. The latter change the dynamics of the system qualitatively, leading to an accelerated or superdiffusive dynamics.
earthquakes [31] . In our system they correspond to random walks in momentum space with powerlaw weight for large momentum-transfer processes. We demonstrate that the collision operator due to electron-electron interactions in graphene takes the form of a fractional derivative. Then the Boltzmann equation becomes a fractional Fokker-Planck equation, similar to Eq.1 with exponent µ = 1:
where θ determines the electron momentum direction: k = k (cos θ, sin θ). The precise definition of the fractional derivative is given below. This result implies that the out-of-equilibrium dynamics of graphene in the hydrodynamic regime is governed by a wrapped Cauchy flight [32, 33] , a specific Lévy flight, on the Dirac cone. In arXiv:1906.07123v1 [cond-mat.str-el] 17 Jun 2019 Fig.1a we show a simulation of ordinary Brownian motion on a ring and of the wrapped Cauchy flight. The occurrence of rare large-angle jumps is clearly visible. The corresponding phase-space dynamics is sketched in Fig.1b . While the direction of k undergoes anomalous diffusion, its magnitude k ≡ |k| is of the order of k B T /v 0 with velocity v 0 ≈ 10 8 cm/s of graphene. The characteristic time of the process is τ L with
α = e 2 / ( v 0 ) is the fine-structure constant of graphene. τ L agrees up to a numerical coefficients with the collision time for the hydrodynamic transport behavior of graphene at the Dirac point [18] [19] [20] . Such a time scale was recently observed experimentally in THz spectroscopy [34] . Lévy flights in graphene have been discussed in Ref. [35] , where an egineered distribution of adatoms was shown to result in a superdiffusive behavior of charge carriers, and in Ref. [36] in the context of highly photoexcited carriers that relax according to a cascade of processes -a behavior with interesting implications for pump-probe experiments. This can be seen as a superdiffusion in energy space far from equilibrium. It affects the magnitude of the momentum. Here we focus on the low-energy hydrodynamic regime and find a very different behavior for the directional diffusion in momentum space. Nevertheless, these results strongly suggest that superdiffusive phase-space dynamics is a more common phenomena in quantum-critical systems.
We start from the Boltzmann equation
for the electron distribution function f kλ (x, t) where k refers to the momentum and λ = ±1 labels the upper and lower cone of the Dirac spectrum ε kλ = λv 0 |k|. v kλ = ∂ε kλ /∂k is the velocity vector and F (x, t) some external force, e.g. due to an external electric or magnetic field. C is the Boltzmann collision operator due to electron-electron interactions and was derived to order α 2 in Ref. [18] from a Keldysh-Schwinger approach. It takes the usual form of a two-body interaction:
The transition probability W 12,34 is due to the electronelectron Coulomb interaction e 2 /( r) of Dirac fermions that are confined to a two-dimensional system. is the dielectric constant determined by the substrate. For free standing graphene = 1 and the fine-structure constant α ≈ 2.2 is of order unity. A renormalization group analysis shows that α flows towards weak coupling, justifying our perturbative approach [16] .
As usual, the kinetic distribution function f λ,k is expanded around the local equilibrium distribution f 0 kλ = e β( λ,k −µ) + 1 −1 and parametrized as (f
We linearize the Boltzmann equation with respect to ψ kλ (x, t). With the Liouville operator
we obtain a compact formulation of the Boltzmann equation (L + C) ψ = S. S kλ (x, t) contains external perturbations, such as those due to a space and time dependent electric field or flow-velocity gradient. The operators L and C act on the momentum and band indices k and λ, respectively. Taking into account the kinematic constraints of the linear Dirac spectrum, the collision operator becomes:
where the matrix elements γ (1, 2) k,k ,q are given in Ref. [18] and´k · · · =´d 2 k (2π) 2 · · · . One easily finds the zero modes that correspond to the conservation laws [18] .
The usual analysis of the Boltzmann equation proceeds as follows: One performs a Fourier transformation from (x, t) to (q, ω) and introduces some complete set of states χ kλ that become zero modes for scattering processes where all momenta are collinear are enhanced by a factor log (1/α) over other modes [18] [19] [20] 22] . These collinear modes are
where m ∈ Z are the angular momentum quantum numbers. We solve the kinetic equation by projecting it onto the set of dominant collinear modes, but checked that our key conclusions are unchanged if we chose a larger set of functions. Also, if we restrict our considerations to the transport of charge due to external electric fields, it suffices to consider the modes χ For simplicity we confine ourselves to electric-field source terms and only discuss this mode. The generalization to other modes is straightforward. The low-energy Dirac Hamiltonian is rotationally invariant such that the collision operator becomes diagonal in the angular momentum representation
The diagonal elements are, besides a convenient prefactor, the scattering rates of the corresponding angular momentum channel. τ −1 0 = 0 due to charge conservation, while the collision rate
for m = 1 was determined in Ref. [18] to yield the optical conductivity σ (ω) = e 2 h 4 ln 2k
was recently observed in Ref. [34] using a waveguide setup; a demonstration of quantum-critical hydrodynamic transport. The dramatic violation of the Wiedemann-Franz law at charge neutrality is another important indication for electronic hydrodynamics at charge neutrality [38] .
We evaluated the matrix elements m |C| m and obtain
where the two numerical constants are given as κ ≈ 3.199 and κ ≈ 4.296, see also Fig.2 . This behavior is asymptotically exact at large m but valid with good accuracy already for m > 2. The most important aspect of this result is that the dependence of the scattering rate on the angular momentum m is non-analytic. To simplify the analysis we assume in the following that τ −1 m = κτ −1 1 |m|. The implication of the |m|-dependence of τ −1 m becomes evident if we consider the scattering between two distinct momentum directions. Fourier transformation of τ −1 m yields:
Thus, we obtain a slowly-decaying powerlaw ∼ (θ − θ ) 
a special case of the Riesz-Feller derivative µ/2 [26, 27] . There are some profound implications that this fractional Fokker-Planck formulation immediately reveals. For example, we consider a scenario where we inject a In the text we discuss, for simplicity, only m |C| m ≡ m, 1 |C| m, 1 . Lower panel: log-log plot of the matrix element to demonstrate that we can distinguish the |m|dependence from, e.g. |m| log |m|.
highly directed excitation [17] . To this end we consider a source term in the Boltzmann equation that causes this excitation:
We assumed that we will only inject excitations in a window ±k B T near the Dirac point, hence the factor f
. In addition we decomposed the source term into its angular momentum modes. The linearized Boltzmann equation is applicable if |δh λm | 1. To describe an excitation that is peaked along an axis given by a certain momentum direction, we use δh λ,m = δhλ m , which has a λ-dependence of the s = 1 mode of Eq.9. The solution of the fractional Fokker-Planck equation for a homogeneous case q = 0 is then given as
This function is known as wrapped Cauchy distribution with circular variance 1 − e −t/τ L [32, 33] . ψ + (θ, t) is shown in the upper panel of Fig.3 . For t = 0, ψ λ (θ, t) corresponds to two delta functions due to particle and hole flows in opposite directions. Let At angles away from the peak at θ = 0 superdiffusion leads to a faster growth of the distribution function. Inlet: the initial peak at θ = 0 decays as 1/t for superdiffusion and 1/ √ t for ordinary diffusion. This behavior dominates the heating of the system (see main text). us concentrate on the particle channel λ = +1. For short times t τ L , the peak in the initial current direction decays as
while the distribution function grows linearly for all nonzero angles:
The same behavior occurs for λ = −1 if we shift θ → θ + π. This behavior in contrast to the one that follows from usual Fokker-Planck diffusion. The latter we obtain for example from collision rates τ −1 m ∼ m 2 . Then the usual spreading of a Gaussian wave package occurs with ψ + (t, θ = 0) ∝ t −1/2 and ψ + (t, θ = 0) ∝ t 2 , lower panel of Fig.3 . A tangible implication of this superdiffusive charge motion is the rapid heating of the system after the injection. To this end we determine the time dependence of the entropy density
The heat density caused by the injection is given by δq (t) = T (s eq − s (t)) . Inserting our distribution function of Eq.16 we obtain
where s eq is the equilibrium entropy density. In order to stay within the regime of linear response, we are confined to t > δhτ L . For t → ∞ one finds s → s eq , and we obtain s (t) = s eq 1 − (δh) coth t τ L − 1 . Thus, initial heating occurs rapidly, according to δq (t) ∝ T s eq δh 2 τ L t . This result is a direct consequence of the superdiffusive behavior. In the case of ordinary diffusion follows δq (t) ∝ t −1/2 which is much faster (see Fig. 3 ).
The occurrence of Lévy flights to describe scattering processes in momentum space is a more general phenomenon and not restricted to graphene at the neutrality point. In two-dimensional Fermi liquids with characteristic rate τ −1
. T F is the Fermi temperature. This yields superdiffusive behavior in a wide time window.
Another system that also shows τ −1 m ∝ |m| for arbitrarily large m consists of electrons in a random magnetic field, important for the description of composite fermions in the fractional quantum Hall regime [39] . Our analysis implies that this system should also undergo a wrapped Cauchy flight in momentum space. Large classes of quantum-critical systems, discussed e.g. in Refs. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] are governed by long-ranged soft-mode interactions. An analysis of collision processes along the lines discussed here may reveal a non-analytic dependence of the scattering rates on angular momentum quantum number according to τ −1 m ∝ |m| µ/2 . This would give rise to a more general class of wrapped Lévy flights, a consequence of the power-law behavior θ |C| θ ∝ |θ − θ | −1− µ 2 near forward scattering. This could occur on the Fermi surface for itinerant quantum critical systems or near a soft momentum in critical bosonic systems. Once such a fractional Fokker-Planck formulation has been achieved, it is significantly easier to draw conclusions about the out-ofequilibrium dynamics of the system such as a focussed injection of collective excitations. Finally we mention that the formulation of the Boltzmann equation presented here can also be used to study the non-local electric and thermal conductivities and viscosities, allowing insight into the diffusive and sound excitations in the hydrodynamic regime [40] .
